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Hard processes in perturbative QCD (I)

Example: inclusive deep-inelastic electron-nucleon scat tering (DIS)
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Coef�cient functions: renormalization =factorization scale � = O (Q)
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Hard processes in perturbative QCD (II)

Polarised parton densities � f i = f i ! � f i  : evolution equations
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Initial conditions incalculable in pert. QCD. Lattice: low moments

) predictions: �t-analyses of reference processes, univers ality
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Initial conditions incalculable in pert. QCD. Lattice: low moments

) predictions: �t-analyses of reference processes, univers ality

General observable a : splitting functions P , coef�cient functions ca

P = � s P (0) + � 2
s P (1) + � 3

s P (2) + : : :

ca = � n a
s

h
c(0)

a + � s c(1)
a

| {z }
+ � 2

s c(2)
a + : : :

i

NLO: standard, but no serious error estimate, . . .

Next-to-next-to-leading order (NNLO): P (2) , c(2)
a
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2006 world data on proton and deuteron g1
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Rather low Q2 ) rather large pQCD corrections ) precision needs NNLO

EIC prospect: Q2 coverage extended by more than an order of magnitude

H. Böttcher, HERMES website
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QCD corrections in deep-inelastic scattering
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Emissions collinear to the incoming partons: mass singularities

( p � k ) 2 = � 2j ~p jj ~k j (1 � cos # )
# ! 0

���! �j ~p jj ~k j # 2
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QCD corrections in deep-inelastic scattering
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q g


 �

Emissions collinear to the incoming partons: mass singularities

( p � k ) 2 = � 2j ~p jj ~k j (1 � cos # )
# ! 0

���! �j ~p jj ~k j # 2

Regularization ( dim. = 4 � 2" , singularities � 1=" ) and mass factorization

Fa ( Q 2 ) = F̂a;k ( � s ( Q 2 ) ; " ) 
 ^f k = C a;i ( � s ( Q 2 )) 
 � ik ( � s ( Q 2 ) ; " ) 
 ^f k
| {z }

f i ( Q 2 )C a;i : coef�cient functions of observable a
� ik : universal 1=" - poles + . . . (fact. scheme)
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Emissions collinear to the incoming partons: mass singularities

( p � k ) 2 = � 2j ~p jj ~k j (1 � cos # )
# ! 0

���! �j ~p jj ~k j # 2

Regularization ( dim. = 4 � 2" , singularities � 1=" ) and mass factorization

Fa ( Q 2 ) = F̂a;k ( � s ( Q 2 ) ; " ) 
 ^f k = C a;i ( � s ( Q 2 )) 
 � ik ( � s ( Q 2 ) ; " ) 
 ^f k
| {z }

f i ( Q 2 )C a;i : coef�cient functions of observable a
� ik : universal 1=" - poles + . . . (fact. scheme)

Renormalized parton distributions f i : splitting functions P ij

@
@ln Q 2

f i =
@� ik

@ln Q 2

 � � 1

kj 
 f j � P ij 
 f j
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Two-loop calculations of polarised DIS

Helicity-dependent splitting functions � P and coef�cient functions for g1

Structure function g1 analogous to F 2;3;L : � P (1)
qq ; � P (1)

qg ; c(2)
g1 ; q=g

Zijlstra, van Neerven (93) [Errata 97, 07]


 5 : Larin scheme , 't Hooft, Veltman (72); Breitenlohner, Maison (77)
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Two-loop calculations of polarised DIS

Helicity-dependent splitting functions � P and coef�cient functions for g1

Structure function g1 analogous to F 2;3;L : � P (1)
qq ; � P (1)

qg ; c(2)
g1 ; q=g

Zijlstra, van Neerven (93) [Errata 97, 07]


 5 : Larin scheme , 't Hooft, Veltman (72); Breitenlohner, Maison (77)

All NLO splitting functions � P (1)
f f 0 using the OPE

Mertig, van Neerven (95) [beware of hep-ph version]


 5 : reading-point method, Kreimer [et al.] (90 - 94)
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Two-loop calculations of polarised DIS

Helicity-dependent splitting functions � P and coef�cient functions for g1

Structure function g1 analogous to F 2;3;L : � P (1)
qq ; � P (1)

qg ; c(2)
g1 ; q=g

Zijlstra, van Neerven (93) [Errata 97, 07]


 5 : Larin scheme , 't Hooft, Veltman (72); Breitenlohner, Maison (77)

All NLO splitting functions � P (1)
f f 0 using the OPE

Mertig, van Neerven (95) [beware of hep-ph version]


 5 : reading-point method, Kreimer [et al.] (90 - 94)

All NLO splitting functions � P (1)
f f 0 using axial gauge Vogelsang (95/6)


 5 : direct HVBM scheme, checks with Larin and reading point

Additional renormalization =factorization required, cf. Matiounine et al. (98)
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Third order via forward Compton amplitudes

Optical theorem: 
 � f total cross sections $ forward amplitudes

f (p)


 � (q)

f
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f


 �2

 !

Dispersion relation in x : coef�cient of (2 p�q)N $ N -th moment

F̂ N
a =

R1
0 dx x N � 1 F̂a (x )
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Third order via forward Compton amplitudes

Optical theorem: 
 � f total cross sections $ forward amplitudes

f (p)


 � (q)

f


 �

f


 �2

 !

Dispersion relation in x : coef�cient of (2 p�q)N $ N -th moment

F̂ N
a =

R1
0 dx x N � 1 F̂a (x )

Projection of partonic tensor on ĝ1 in D dimensions ( D = 4 � 2" )

ĝ1 = 2 [( D � 2)( D � 3)( p�q)] � 1 " ��pq
cW ��

A

1=" poles: spin splitting functions, � 0 parts: g1 coef�cient functions
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Treatment of the forward-Compton integrals

Combine identities: integration by parts, scaling, Passar ino-Veltman type

) Difference equations for I (N ) [ recall: coef�cient of (2p�q)N ]

a0 (N ) I (N ) � : : : � an (N ) I (N � n ) = I 0 (N )
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Treatment of the forward-Compton integrals

Combine identities: integration by parts, scaling, Passar ino-Veltman type

) Difference equations for I (N ) [ recall: coef�cient of (2p�q)N ]

a0 (N ) I (N ) � : : : � an (N ) I (N � n ) = I 0 (N )

Simple scalar example [topology LA 13 , red line: �ow of parton momentum p ]
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Successive reduction to simpler (lower topologies or `less red') integrals
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Simple scalar example [topology LA 13 , red line: �ow of parton momentum p ]
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2p � q

q2

1

1

1 1

1

1

1

1

1 1

=
2

N +2

1

1

1 1

1
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1 1

Successive reduction to simpler (lower topologies or `less red') integrals

Essential: non-symbolic case for low N can be done via Mincer

Gorishnii, Larin, Tkachov (84, 89); Larin, Tkachov, Vermas eren (91)

Check of new code and results at all stages: I (N =2 ; 3; 4; : : : ) = ?
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Example: the scalar LA 13 integral
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1

1 1

1

1

1

1

1 1

=

+theta(N)*sign(N)*ep^-2*(-8/3*den(1+N)^2 -4*den (1+N)^ 3+8/3 *den(1 +N

)^2*S(R(1),1+N)+4/3*den(1+N)*S(R(1),1+ N)+2/3 *den(1 +N)*S (R(2), 1

+N)-4/3*den(2+N)^2-2*den(2+N)^3+4/3*de n(2+N) ^2*S(R (1),2 +N)+4/ 3

*den(2+N)*S(R(1),2+N)+2/3*den(2+N)*S(R (2),2+ N)+4/3 *S(R( 1),N)+ 2/

3*S(R(1,2),N)-2*S(R(2),N)-4/3*S(R(2),N )*N+4* S(R(2, 1),N) +4/3*S (

R(2,1),N)*N-6*S(R(3),N)-2*S(R(3),N)*N)

+theta(N)*sign(N)*ep^-1*(32*den(1+N)^2+1 64/3*d en(1+N )^3+2 4*den( 1+

N)^4-20/3*den(1+N)^3*S(R(1),1+N)-88/3* den(1+ N)^2*S (R(1) ,1+N)+ 8/

3*den(1+N)^2*S(R(1,1),1+N)-40/3*den(1+ N)^2*S (R(2), 1+N)- 16*den (

1+N)*S(R(1),1+N)+8/3*den(1+N)*S(R(1,1) ,1+N)+ 10/3*d en(1+ N)*S(R (

1,2),1+N)-58/3*den(1+N)*S(R(2),1+N)+10 *den(1 +N)*S( R(2,1 ),1+N) -

18*den(1+N)*S(R(3),1+N)+16*den(2+N)^2+ 82/3*d en(2+N )^3+1 2*den( 2

+N)^4-10/3*den(2+N)^3*S(R(1),2+N)-44/3 *den(2 +N)^2* S(R(1 ),2+N) -

6*den(2+N)^2*S(R(2),2+N)-16*den(2+N)*S (R(1), 2+N)+8 /3*de n(2+N) *

S(R(1,1),2+N)+10/3*den(2+N)*S(R(1,2),2 +N)-46 /3*den (2+N) *S(R(2 )

,2+N)+6*den(2+N)*S(R(2,1),2+N)-12*den( 2+N)*S (R(3), 2+N)- 20*S(R (

1),N)+8/3*S(R(1,1),N)+10/3*S(R(1,1,2), N)-16* S(R(1, 2),N) -4*S(R (

1,2),N)*N+14*S(R(1,2,1),N)+4*S(R(1,2,1 ),N)*N -24*S( R(1,3 ),N)-6 *

S(R(1,3),N)*N+56/3*S(R(2),N)+20*S(R(2) ,N)*N- 134/3* S(R(2 ,1),N) -

56/3*S(R(2,1),N)*N+16/3*S(R(2,1,1),N)+ 8/3*S( R(2,1, 1),N) *N-62/ 3

*S(R(2,2),N)-22/3*S(R(2,2),N)*N+76*S(R (3),N) +100/3 *S(R( 3),N)* N

-10*S(R(3,1),N)-10/3*S(R(3,1),N)*N+36* S(R(4) ,N)+12 *S(R( 4),N)* N)

+theta(N)*sign(N)*(-200*den(1+N)^2-380*d en(1+N )^3-89 6/3*d en(1+N )^

4-100*den(1+N)^5-16/3*den(1+N)^4*S(R(1 ),1+N) +268/3 *den( 1+N)^3 *

S(R(1),1+N)-20/3*den(1+N)^3*S(R(1,1),1 +N)+16 0/3*de n(1+N )^3*S(

R(2),1+N)+168*den(1+N)^2*S(R(1),1+N)-8 0/3*de n(1+N) ^2*S( R(1,1) ,

1+N)-40/3*den(1+N)^2*S(R(1,1,1),1+N)+4 0/3*de n(1+N) ^2*S( R(1,2) ,

1+N)+448/3*den(1+N)^2*S(R(2),1+N)-64/3 *den(1 +N)^2* S(R(2 ,1),1+ N

)+188/3*den(1+N)^2*S(R(3),1+N)+100*den (1+N)* S(R(1) ,1+N) -32*

den(1+N)*S(R(1,1),1+N)+4/3*den(1+N)*S( R(1,1, 1),1+N )+38/ 3*den( 1

+N)*S(R(1,1,2),1+N)-170/3*den(1+N)*S(R (1,2), 1+N)+3 0*den (1+N)*

S(R(1,2,1),1+N)-58*den(1+N)*S(R(1,3),1 +N)+18 6*den( 1+N)* S(R(2) ,

1+N)-338/3*den(1+N)*S(R(2,1),1+N)+50/3 *den(1 +N)*S( R(2,1 ,1),1+ N

)-182/3*den(1+N)*S(R(2,2),1+N)+694/3*d en(1+N )*S(R( 3),1+ N)-86/ 3

*den(1+N)*S(R(3,1),1+N)+302/3*den(1+N) *S(R(4 ),1+N) -100* den(2+ N

)^2-190*den(2+N)^3-448/3*den(2+N)^4-50 *den(2 +N)^5- 8/3*d en(2+N )

^4*S(R(1),2+N)+134/3*den(2+N)^3*S(R(1) ,2+N)- 10/3*d en(2+ N)^3*S (

R(1,1),2+N)+80/3*den(2+N)^3*S(R(2),2+N )+84*d en(2+N )^2*S (R(1), 2

+N)-4/3*den(2+N)^2*S(R(1,1),2+N)-44/3* den(2+ N)^2*S (R(1, 1,1),2 +

N)+14*den(2+N)^2*S(R(1,2),2+N)+206/3*d en(2+N )^2*S( R(2), 2+N)-1 0

/3*den(2+N)^2*S(R(2,1),2+N)+80/3*den(2 +N)^2* S(R(3) ,2+N) +100*

den(2+N)*S(R(1),2+N)-32*den(2+N)*S(R(1 ,1),2+ N)+4/3 *den( 2+N)*S (

R(1,1,1),2+N)+38/3*den(2+N)*S(R(1,1,2) ,2+N)- 134/3* den(2 +N)*S(

R(1,2),2+N)+18*den(2+N)*S(R(1,2,1),2+N )-40*d en(2+N )*S(R (1,3), 2

+N)+138*den(2+N)*S(R(2),2+N)-206/3*den (2+N)* S(R(2, 1),2+ N)+26/ 3

*den(2+N)*S(R(2,1,1),2+N)-116/3*den(2+ N)*S(R (2,2), 2+N)+ 448/3*

den(2+N)*S(R(3),2+N)-56/3*den(2+N)*S(R (3,1), 2+N)+1 94/3* den(2+ N

)*S(R(4),2+N)+160*S(R(1),N)-40*S(R(1,1 ),N)+4 /3*S(R (1,1, 1),N)+

38/3*S(R(1,1,1,2),N)-68*S(R(1,1,2),N)- 12*S(R (1,1,2 ),N)* N+42*S (

R(1,1,2,1),N)+12*S(R(1,1,2,1),N)*N-76* S(R(1, 1,3),N )-18* S(R(1, 1

,3),N)*N+430/3*S(R(1,2),N)+60*S(R(1,2) ,N)*N- 452/3* S(R(1 ,2,1), N

)-56*S(R(1,2,1),N)*N+74/3*S(R(1,2,1,1) ,N)+8* S(R(1, 2,1,1 ),N)*N -

248/3*S(R(1,2,2),N)-22*S(R(1,2,2),N)*N +886/3 *S(R(1 ,3),N )+100*

S(R(1,3),N)*N-116/3*S(R(1,3,1),N)-10*S (R(1,3 ,1),N) *N+41 0/3*S(

R(1,4),N)+36*S(R(1,4),N)*N-70*S(R(2),N )-160* S(R(2) ,N)*N +760/3 *

S(R(2,1),N)+140*S(R(2,1),N)*N-170/3*S( R(2,1, 1),N)- 100/3 *S(R(2 ,

1,1),N)*N-12*S(R(2,1,1,1),N)+4/3*S(R(2 ,1,1,1 ),N)*N +38/3 *S(R(2 ,

1,2),N)-2/3*S(R(2,1,2),N)*N+676/3*S(R( 2,2),N )+308/ 3*S(R (2,2), N

)*N-118/3*S(R(2,2,1),N)-18*S(R(2,2,1), N)*N+2 96/3*S (R(2, 3),N)+

36*S(R(2,3),N)*N-1454/3*S(R(3),N)-290* S(R(3) ,N)*N+ 440/3 *S(R(3 ,

1),N)+164/3*S(R(3,1),N)*N-10*S(R(3,1,1 ),N)-1 0/3*S( R(3,1 ,1),N) *

N+80*S(R(3,2),N)+80/3*S(R(3,2),N)*N-43 4*S(R( 4),N)- 556/3 *S(R(4 )

,N)*N-8*S(R(4,1),N)-8/3*S(R(4,1),N)*N- 150*S( R(5),N )-50* S(R(5) ,

N)*N);

Harmonic sums (Vermaseren, 98)

S � m ( N ) =
P N

i =1
( � 1) i

i m ; S � m 1 ;m 2 ;::: ( N ) =
P N

i =1
( � 1) i

i m 1 Sm 2 ;::: ( i )
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Numerators for a non-planar NO 27 diagram

� �

5

2

7 8

1 3

6 4

�

 ( i 1 ; p 7 ; i 2 ; p 4 ; �; p 3 ; i 3 ; p 8 ; i 2 ; p 6 ; �; p 1 ; i 1 ; p + p2 ; i 3 )

p 2
1 : : : p 2

8 ( p + p2 ) 2 ( p + p7 ) 2
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Numerators for a non-planar NO 27 diagram
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�

 ( i 1 ; p 7 ; i 2 ; p 4 ; �; p 3 ; i 3 ; p 8 ; i 2 ; p 6 ; �; p 1 ; i 1 ; p + p2 ; i 3 )

p 2
1 : : : p 2

8 ( p + p2 ) 2 ( p + p7 ) 2

Unpolarised splitting functions: � 
 (p) � �� suf�cient,

no (p2
2 ) � 1 , num. (p2 � p) k 2 (p3 � p) k 3 (p2 � q) k 9 with k2 + k3 + k9 � 3

Coef�cient functions for F2=FL : need also � 
 (p) p� p� =(p�q)2 ,

no (p2
2 ) � 1 , num. (p2 � p) k 2 (p3 � p) k 3 (p2 � q) k 9 with k2 + k3 + k9 � 4
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Numerators for a non-planar NO 27 diagram

� �
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�

 ( i 1 ; p 7 ; i 2 ; p 4 ; �; p 3 ; i 3 ; p 8 ; i 2 ; p 6 ; �; p 1 ; i 1 ; p + p2 ; i 3 )

p 2
1 : : : p 2

8 ( p + p2 ) 2 ( p + p7 ) 2

Unpolarised splitting functions: � 
 (p) � �� suf�cient,

no (p2
2 ) � 1 , num. (p2 � p) k 2 (p3 � p) k 3 (p2 � q) k 9 with k2 + k3 + k9 � 3

Coef�cient functions for F2=FL : need also � 
 (p) p� p� =(p�q)2 ,

no (p2
2 ) � 1 , num. (p2 � p) k 2 (p3 � p) k 3 (p2 � q) k 9 with k2 + k3 + k9 � 4

Spin splitting functions, structure function g1 : � 
 (p; 5) " ��pq =(p�q) ,

also (p2
2 ) � 1 , numerators (p3 � p) k 3 (p2 � q) k 9 with k3 + k9 � 5

Similar cases: NO 12 , BE68 , LA17 ; : : : ) many new tensor integrals needed
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Treatment of 
 5 and two-loop checks

Quark helicity-difference projector: p=
 5;L = i
6 " p��� 
 � 
 � 
 �

Larin, Vermaseren (91), Larin (93)

) perform scheme tranformation after factorization, as in Vogelsang (95/6)

g1 = cg1 ;L � f L = cg1 ;L Z � 1Z � f L = cg1 ;MS
� f

MS

with Z ij = 1 + as z (1)
qq � qq + a2

s

�
z (2)

qq; ns + z (2)
qq; ps

�
� qq to NNLO

p.11



Treatment of 
 5 and two-loop checks

Quark helicity-difference projector: p=
 5;L = i
6 " p��� 
 � 
 � 
 �

Larin, Vermaseren (91), Larin (93)

) perform scheme tranformation after factorization, as in Vogelsang (95/6)

g1 = cg1 ;L � f L = cg1 ;L Z � 1Z � f L = cg1 ;MS
� f

MS

with Z ij = 1 + as z (1)
qq � qq + a2

s

�
z (2)

qq; ns + z (2)
qq; ps

�
� qq to NNLO

Transformation of the parton ! quark splitting functions

� [� P (1)
qq ] = � � 0 z (1)

qq ; � [� P (2)
qq ] = � 0 [( z (1)

qq ) 
 2 � 2z (2)
qq ] � � 1 z (1)

qq

� [� P (1)
qg ] = z (1)

qq 
 � P (0)
qg ; � [� P (2)

qg ] = z (2)
qq 
 � P (0)

qg + z (1)
qq 
 � P (1)

qg;L

Non-singlet: cg1
$ cF 3

in �n DIS. Pure singlet z (2)
qq; ps : Matiounine et al. (98)

After transformation: agree with previous second-order results listed above
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Checks and features of the three-loop results

" � 3 , " � 2 terms in mass factorization formulae: check of also � P (1)
gf ( x )
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qg ,

helicity �ip suppressed, cf. Brodsky, Burkardt, Schmidt (94)
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f f 0 but � P (1)
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" � 3 , " � 2 terms in mass factorization formulae: check of also � P (1)
gf ( x )

� P (2)
ns = P (2) �

ns after fact. transformation adjusting c (2)
g1 ;ns to c (2)

F 3

( = 0 for N =1 , conservation of non-singlet axial vector current )

N =1 : � P (2)
qg = 0 as determined by Altarelli, Lampe (90)

� P ( n )
ps = � 2nf � P ( n � 1)

gq also for n = 2 ( predict N 3 LO ?)

Large x : P (2)
qg � � P (2)

qg � (1 � x )2 � P (2)
qg ,

helicity �ip suppressed, cf. Brodsky, Burkardt, Schmidt (94)

( same for all � P (0 ; 1)
f f 0 but � P (1)

gq – `repairable' by simple scheme trf.)

Small x : � P (2)
ps = � CF nf (2 CA + 8 =3 CF ) ln 4 x + : : : , as in

Blümlein, A.V. (96) based on Bartels, Ermolaev, Ryskin (96)

No agreement for C F CA nf ; C 2
F nf of � P (2)

qg $ scheme dependence?
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MS non-singlet spin splitting functions

N
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Large N=x : shape ( � ln N ) + magnitude perturbatively stable beyond NLO
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MS non-singlet spin splitting functions
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Large N=x : shape ( � ln N ) + magnitude perturbatively stable beyond NLO

Small x : Low-order expansion in powers of ln x hopeless at all realistic x
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Non-singlet evolution up to the third order

Scale derivatives of, e.g., � u +�� u � (� d+� �d) at scale � 2
f � 50 GeV2
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Expansion very stable down to exceedingly small momenta x � 10� 4
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MS spin splitting function � Pqg to NNLO
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MS spin splitting function � Pqg to NNLO
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NNLO corr. � 15% for 0.005 � x < 0.9 . Leading log � 3
s ln 4x insuf�cient
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The spin splitting function � Pps to NNLO
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The spin splitting function � Pps to NNLO

-0.06

-0.04

-0.02

0

0.02

0 0.2 0.4 0.6 0.8 1
x

DP   (x)ps

LO

NLO

NNLO

x

DP   (x)ps

Nf = 3, aS = 0.3

NLO + LL(aS )
3

-0.6

-0.4

-0.2

0

0.2

10
-3

10
-2

10
-1

1

For � Pqq add non-singlet part = P �
ns : pure singlet negligible at large x

Caveat: additional scheme transformation � z (2)
gq 
 � P (0)

qg to MS expected
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Summary and outlook

Upper row calculated of matrix of third-order spin splittin g functions

Not a `free lunch': external-line projectors ) higher tensor integrals


 5 : Larin prescription + zqq scheme transformation. Two-loop c(2)
g1; f

p

Interesting features for further studies : N = 1 , large x , small x
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Summary and outlook

Upper row calculated of matrix of third-order spin splittin g functions

Not a `free lunch': external-line projectors ) higher tensor integrals


 5 : Larin prescription + zqq scheme transformation. Two-loop c(2)
g1; f

p

Interesting features for further studies : N = 1 , large x , small x

Work on lower row started: diagram �les, gauge checks (Mince r), . . .

DIS with exchange of a pseudoscalar (Higgs) � coupling to eGa
�� G ��

a

Many more diagrams: � 30000 in prelim. g�g� database . . . TFORM

Expect complete NNLO evolution in time for the EIC, with year s to spare
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